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TRIVIALITY OF FIBERED CALABI-YAU MANIFOLDS
WITHOUT SINGULAR FIBERS
VALENTINO TOSATTI∗ AND YUGUANG ZHANG†
Abstract. In this note we show that if a compact Ka¨hler manifold
with trivial canonical bundle is the total space of a holomorphic fibration
without singular fibers, then the fibration is a holomorphic fiber bundle.
In the algebraic case, the fibration becomes trivial after a finite base
change.
1. Introduction
Let X be a compact Ka¨hler manifold with c1(X) = 0 in H
2(X,R), which
we will call a Calabi-Yau manifold. Thanks to a fundamental theorem of
Yau [43], the class of Calabi-Yau manifolds is precisely the class of compact
Ka¨hler manifolds which admit Ricci-flat Ka¨hler metrics. Furthermore, X
Calabi-Yau implies that the canonical bundle KX is holomorphically torsion
[4]. Assume that there is a holomorphic submersion with connected fibers
f : X → Y to a compact Ka¨hler manifold Y . Let n = dimX, m = dimY
and assume that 0 < m < n. Then every fiber Xy = f
−1(y) is a Calabi-Yau
manifold of dimension n −m. In other words, X is Calabi-Yau and is also
the total space of a family of Calabi-Yau manifolds over Y .
In the case when f is allowed to have singular fibers, this is the setup
of the first author’s paper [39], where it is proved that certain families of
Ricci-flat Ka¨hler metrics on X collapse to Y in a weak sense. More recently,
Gross and the authors [28] proved that if the smooth fibers are tori then
the collapsing happens in the C∞ topology, and in [29] we identified the
Gromov-Hausdorff limit when Y is a curve.
The question which we study in this paper, which arose from these works,
is whether one can classify such fibrations when no singular fibers are al-
lowed. For such manifolds the smooth collapsing was proved by Fine [16].
Here we show that these fibrations are very special. Our first result is:
Theorem 1.1. If f : X → Y is a holomorphic submersion with connected
fibers between projective manifolds with KX ∼= OX , then there is a finite
unramified covering Y˜ → Y with KY˜ ∼= OY˜ such that the pullback family
X×Y Y˜ → Y˜ is trivial, i.e. it is biholomorphic to the product family Y˜ ×F →
Y˜ , where F is a projective manifold with trivial canonical bundle.
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In particular, this implies that the canonical bundle of Y is holomorphi-
cally torsion, which is not a priori clear. As a simple consequence we have:
Theorem 1.2. If f : X → Y is a holomorphic submersion with connected
fibers between projective manifolds with X Calabi-Yau, then there are pro-
jective manifolds B,F with trivial canonical bundles, and finite unramified
coverings g : B × F → X and h : B → Y such that the diagram
(1.1)
B × F g−−−−→ X
piB
y fy
B
h−−−−→ Y
commutes.
If we drop the projectivity assumption, then the statement of Theorem
1.1 is false (see Remark 4.2 below), and has to be modified as follows:
Theorem 1.3. If f : X → Y is a holomorphic submersion with connected
fibers between compact Ka¨hler manifolds with KX ∼= OX , then f is a holo-
morphic fiber bundle with fiber F a compact Ka¨hler manifold with KF ∼= OF
and with base Y Calabi-Yau. If furthermore either b1(F ) = 0 or F is a
torus and b1(Y ) = 0, then there is a finite unramified covering Y˜ → Y with
KY˜
∼= OY˜ such that the pullback bundle X ×Y Y˜ → Y˜ is holomorphically
trivial.
In the literature there are several related results. For example Fang-Lu
[15, Corollary 1.3] have shown that if the fibers of f are primitive Calabi-
Yau manifolds which satisfy a certain cohomological assumption, then the
family is isotrivial (in the sense that all fibers over a Zariski open set of Y
are biholomorphic to each other). This result holds without the assumption
that X is Calabi-Yau. More recently, Zhang-Zuo [44, Corollary 2.5] that if Y
is simply connected and X has trivial canonical bundle and hp(X,OX ) = 0
for 0 < p < n, then the family is isotrivial. In the setup of Theorem 1.1,
if one knows in addition that κ(Y ) > 0, then an alternative proof of the
theorem can be given using the canonical bundle formula [22] and arguing
along the lines of [1, Theorem 4.8] (see also Remark 3.4 below). If one knows
furthermore that Y is Calabi-Yau, then the conclusion that f is a bundle
also follows from [4, Theorem 2] (see also [11, Theorem 3.1]).
On the other hand we make no assumptions on Y , and we first show
that Y has a Ka¨hler metric with nonnegative Ricci curvature. Using Hodge
theory, we get a holomorphic period map from the universal cover of Y to
a classifying space D of polarized real Hodge structures. This space has a
Hermitian metric with strictly negative holomorphic sectional curvature in
the horizontal directions. Using a version of Yau’s Schwarz Lemma [42] we
show that the period map is constant, and the infinitesimal Torelli theorem
for Calabi-Yau manifolds implies that all fibers are biholomorphic, and then
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the main theorem follows.
This note is organized as follows: in section 2 we deduce Theorem 1.2
from Theorem 1.1, and show that to prove Theorem 1.1 it is enough to
prove that all fibers are biholomorphic. This statement is then proved in
section 3. Theorem 1.3 is proved in section 4.
Acknowledgements: The first named author is grateful to Florin Ambro,
Keiji Oguiso and Xiaowei Wang for useful communications. The second
named author would like to thank Professors Mark Gross and Zhiqin Lu for
some discussions. Both authors are grateful to Andreas Ho¨ring for commu-
nicating the content of Remark 3.4, to Xiaokui Yang for pointing out an
inaccuracy in a previous draft, and to the referee for useful suggestions.
2. Preliminary results
Proof of Theorem 1.2 assuming Theorem 1.1. Since KX is holomorphically
torsion, there is a finite unramified covering X ′ → X with KX′ holomorphi-
cally trivial. The composition f ′ : X ′ → X → Y is a holomorphic submer-
sion, but its fibers might be disconnected. Consider its Stein factorization
X ′
f ′′→ Y ′ p→ Y , which has the properties that Y ′ is a projective manifold, p
is a finite unramified covering and f ′′ is a holomorphic submersion with con-
nected fibers (see e.g. [21, Lemma 2.4]). Therefore f ′′ : X ′ → Y ′ satisfies the
hypotheses of Theorem 1.1, and hence there is a finite unramified covering
Y˜ → Y ′ such that the pullback familyX ′×Y ′ Y˜ → Y˜ is trivial. We let B = Y˜
and let h : B → Y be the composition Y˜ → Y ′ → Y . We have a biholomor-
phismX ′×Y ′ Y˜ ∼= B×F , which composed with the mapX ′×Y ′ Y˜ → X ′ → X
gives us a finite unramified covering map g : B × F → X, and Theorem 1.2
follows. 
Note that from Theorem 1.1 it follows that the fibers Xy of the original
family must all be biholomorphic to each other. In fact, it is enough to prove
this assertion to prove Theorem 1.1:
Lemma 2.1. If the fibers Xy of a family f : X → Y as in Theorem 1.1 are
all biholomorphic to each other, then the conclusion of Theorem 1.1 holds.
Proof. Indeed, in this case we can apply the Fischer-Grauert theorem [17]
and conclude that f is a holomorphic fiber bundle, and then we can apply
[32, Lemma 17] to get a finite unramified covering Y˜ → Y such that the
pullback family X ×Y Y˜ → Y˜ is trivial. Now X ×Y Y˜ → X is also a finite
unramified covering, hence the canonical bundle of X ×Y Y˜ is holomorphi-
cally trivial. But X ×Y Y˜ ∼= Y˜ × F , and so the canonical bundles of Y˜ and
F are both trivial. 
In this proof we used [32, Lemma 17] which uses crucially the assumption
that X is projective. In fact, [32, Lemma 17] is false if X is only compact
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Ka¨hler, see Remark 4.2. However, as we will see in section 4, [32, Lemma 17]
is true in the Ka¨hler case if either b1(F ) = 0 or F is a torus and b1(Y ) = 0.
Thus, to prove Theorem 1.1, we are reduced to showing that all the fibers
are biholomorphic. In the case when dimY = dimX − 1 the proof is very
simple: in this case the fibers Xy are elliptic curves, which are classified
by their j-invariant, and mapping y to the j-invariant of Xy gives a holo-
morphic function on Y which must be constant since Y is compact. We
follow a similar approach in higher dimensions, which is necessarily more
complicated.
3. Proof of theorem 1.1
The main result of this section is the following:
Theorem 3.1. If f : X → Y is a holomorphic submersion between compact
Ka¨hler manifolds with KX ∼= OX , then f is a holomorphic fiber bundle
with fiber F a compact Ka¨hler manifold with KF ∼= OF and with base Y
Calabi-Yau.
In particular, since all fibers of a holomorphic fiber bundles are biholo-
morphic, Theorem 1.1 follows immediately from Theorem 3.1 and Lemma
2.1.
Proof. Let ωX be a Ka¨hler metric on X, and note that since the canonical
bundle KX is trivial, the fibers Xy = f
−1(y) also have trivial canonical
bundle. Thanks to [39, Proposition 4.1] (see also [36]) there is a Ka¨hler
metric ω on Y such that Ric(ω) = ωWP > 0, where ωWP is a Weil-Petersson
type semipositive definite form [20]. In fact more generally it is true that for
Y to admit a Ka¨hler metric with nonnegative Ricci curvature, it is enough
to assume that X admits such a metric, thanks to a result of Berndtsson
([3, Theorem 1.2] applied with L = −KX).
We now need to use real polarized Hodge structures. These are defined
without any projectivity assumption, by a straightforward generalization
of Griffiths’ original definition in the projective case [24]. Here we follow
the discussion in [23, Section 8.1] (see also [13, Definition 1.5]). Let P ⊂
Hn−m(Xy,C) =: H be the primitive cohomology induced by the Ka¨hler
class [ωX |Xy ]. Let HR = P ∩Hn−m(Xy,R), hp,q = dimC P ∩Hq(Xy,ΩpXy)
for p+ q = n−m, and call Q the quadratic form on H given by
Q(φ,ψ) = (−1) (n−m)(n−m−1)2
∫
Xy
φ ∧ ψ,
which is called a polarization (even though no integrality assumption is
made).
Then the construction by Griffiths [25, Section 8] gives a classifying space
D for real polarized Hodge structure of type {HR, hp,q, Q}, and a well-defined
holomorphic period map P : Y˜ → D, where Y˜ is the universal cover of Y .
If pi : Y˜ → Y is the universal covering map, and y = pi(z), then we have
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P(z) = {P p,q = P ∩ Hq(Xy,ΩpXy)}. Furthermore, P is horizontal in the
sense that P∗(T (Y˜ )) ⊂ Th(D), where Th(D) is the horizontal subbundle of
T (D) ⊂ ⊕r>0Hom(P p,q, P p−r,q+r) defined for example in Definition 25 of
Chapter I in [26].
There is a Hermitian metric ωH on D such that for any unit vector ξ ∈
Th(D), its holomorphic sectional curvature satisfies
(3.2) R(ξ, ξ, ξ, ξ) 6 −A < 0,
for a constant A > 0 (cf. [27, Theorem 9.1], [13, Theorem 5.16] or Chapter
II in [26]). In fact, the restriction of the metric ωH to any horizontal slice is
Ka¨hler thanks to [34], i.e. ∂ωH(ξ1, ξ2, ξ3) = 0 for all ξ1, ξ2, ξ3 ∈ Th(D).
If we let ω˜ = pi∗ω, then ω˜ is a complete Ka¨hler metric on Y˜ with non-
negative Ricci curvature. We then apply the Schwarz Lemma 3.3 below to
conclude that P : Y˜ → D is constant.
By [24, Theorem 1.27], [10, Theorem 5.3.4] or Chapter III in [26], P∗,z :
TzY˜ → Th(D)P(z) is a composition of the Kodaira-Spencer map ρ : TzY˜ →
H1(Xy,ΘXy), (y = pi(z)), and the cup product map w : H
1(Xy,ΘXy) →
Th(D)P(z), where ΘXy is the sheaf of holomorphic vector fields on Xy. Since
Xy has trivial canonical bundle, w is injective (cf. Example 5.6.2 in [10] or
[24, Proposition 3.6], [37], [7]). This result is also known as the infinitesimal
Torelli theorem for Calabi-Yau manifolds. Thus the Kodaira-Spencer map
ρ of the pullback family over Y˜ is trivial. This implies that the Kodaira-
Spencer map of the family over Y is trivial too. Now the fibersXy have triv-
ial canonical bundle, and hence H1(Xy,ΘXy)
∼= H1,n−1(Xy) has dimension
independent of y ∈ Y . Therefore thanks to [31, Theorem 4.6] the complex
structure of Xy does not change when y varies, i.e. all fibers Xy are biholo-
morphic to each other. The Fischer-Grauert theorem [17] implies that f is
a holomorphic fiber bundle with fiber F ∼= Xy with trivial canonical bun-
dle. Since all fibers Xy are biholomorphic to each other, the Weil-Petersson
form ωWP of the fibration f vanishes identically. Its cohomology class is
[ωWP ] = c1(Y ), hence Y is Calabi-Yau. 
Remark 3.2. The proof we just finished in fact shows the following result: if
f : X → Y is a holomorphic submersion between compact Ka¨hler manifolds
with fibers Xy with trivial canonical bundle and base Y which admits a
Ka¨hler metric with nonnegative Ricci curvature then f is a holomorphic
fiber bundle.
In the proof of Theorem 3.1, we used the following improved version of
Yau’s Schwarz Lemma [42], which incorporates an observation of Royden
[35] (see also [12, 38]).
Lemma 3.3 (Schwarz Lemma). Let (X,ωX) be a complete Ka¨hler mani-
fold with nonnegative Ricci curvature and (Y, ωY ) be a Hermitian manifold.
Let f : X → Y be a holomorphic map, and assume that the holomorphic
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sectional curvature of ωY satisfies
(3.3) RY (ξ, ξ, ξ, ξ) 6 −A < 0,
for a constant A > 0 and for all unit vectors ξ in the image of f∗ : T
1,0X →
T 1,0Y , and that ∂ωY (ξ1, ξ2, ξ3) = 0 for all ξ1, ξ2, ξ3 in the image of f∗. Then
f is constant.
Proof. Let u = trgX (f
∗gY ), which is a smooth nonnegative function on X,
and vanishes identically if and only if f is constant. Assume that f is not
constant, so supX u > 0 (it could also equal +∞), and let k > 0 be the
maximum rank of f∗ over X, which also equals the generic rank of f∗. Our
first goal is to show that
(3.4) ∆gXu > Au
2,
holds on all of X, where ∆gX = g
ij∂i∂j is the (complex) Laplacian of gX
acting on functions. For any given x ∈ X, we can find an open neighborhood
U ∋ x such that V = f(U) is an irreducible analytic subvariety of Y , of
dimension k. The variety V may not be smooth at y = f(x), but f−1(Vsing)
is Zariski closed in U . We now take any point x′ ∈ f−1(Vreg), let y′ = f(x′)
and choose a local unitary coframe {θ1, . . . , θn} for gX near x′ and a local
unitary coframe {θ˜1, . . . , θ˜k} for gY |Vreg near y′. For any 0 6 α 6 k write
f∗θ˜α =
∑
i
fαi θ
i,
so {fαi } are the components of f∗ in the chosen coframes. Therefore we have
u(x′) =
∑
α,i |fαi |2. Then a direct calculation (see e.g. [38, (5.9)], noting
that the Laplacian used there is twice the complex Laplacian) shows that
at x′ we have
∆gXu >
∑
α,i,j
Ric(gX)ijf
α
i f
α
j −
∑
α,β,γ,δ,i,k
(RY )αβγδf
α
i f
β
i f
γ
k f
δ
k
> −
∑
i,k
RY (ξi, ξi, ξk, ξk),
using the assumption that Ric(gX) > 0, where ξi = f∗(ei) and {e1, . . . , en}
is the unitary frame for g dual to the coframe {θi}, and RY denotes the
curvature tensor of the metric gY |Vreg . By assumption, the metric gY |Vreg
is Ka¨hler, and has holomorphic sectional curvature bounded above by −A
because of assumption (3.3) and because holomorphic sectional curvature
decreases in submanifolds. By changing the unitary frames at x′ and y′
if necessary, we may assume that the vectors {ξi} are pairwise orthogonal.
Then an inequality of Royden [35, Lemma, p.552] gives that
∑
i,k
RY (ξi, ξi, ξk, ξk) 6 −A
(∑
i
‖ξi‖2gY
)2
= −A

∑
α,i
|fαi |2


2
= −Au2.
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This shows that (3.4) holds on f−1(Vreg), and since this is Zariski open in
U and both sides of (3.4) are smooth functions, this proves that (3.4) holds
everywhere.
We now conclude the proof exactly as in [42, 38]. The generalized max-
imum principle of Yau (see e.g. [38, Proposition 4.1]) shows that if v is
a smooth function on X which is bounded below, then given any ε >
0 there is a point xε ∈ X with ∆gXv(xε) > −ε, ‖du‖gX (xε) 6 ε and
lim infε→0 v(xε) = infX v. We apply this to v = (u + 1)
−1/2, so that
lim supε→0 u(xε) = supX u > 0, and we get
−ε 6 ∆gXv(xε) = −
1
2
(u(xε) + 1)
−3/2∆gXu(xε) +
3
4
(u(xε) + 1)
−5/2‖du‖2gX (xε)
6 −A
2
(u(xε) + 1)
−3/2u(xε)
2 +
3ε2
4
,
which holds for all ε > 0 such that u(xε) > 0, so that (3.4) holds at xε.
Taking ε arbitrarily close to 0, we conclude that supX u = 0, which is a
contradiction. 
Remark 3.4. Andreas Ho¨ring has communicated to us an alternative line
of proof of Theorem 3.1 in the projective case, which uses rather different
ingredients. Here is a brief sketch of the argument. If the base Y is not
uniruled, then KY is pseudoeffective thanks to [5, Corollary 0.3], and one
can conclude using the canonical bundle formula [22] and arguing along the
lines of [1, Theorem 4.8].
If Y is uniruled, take P1 ⊂ Y a free rational curve (i.e. with globally
generated normal bundle). The pullback familyX ′ = (X×Y P1)→ P1 is such
that X ′ is smooth, with nonnegative Kodaira dimension (by adjunction),
and X ′ → P1 is a submersion. This contradicts [41, Theorem 0.2].
4. The Ka¨hler case
In this section we will prove the following result, which is a substitute for
Lemma 2.1 with no projectivity assumption:
Theorem 4.1. Let X,Y be compact Ka¨hler manifolds and f : X → Y a
holomorphic fiber bundle with base Y and fiber F Calabi-Yau manifolds. If
either b1(F ) = 0 or F is a torus and b1(Y ) = 0, then there is a finite unram-
ified covering Y˜ → Y such that the pullback bundle to Y˜ is holomorphically
trivial.
Theorem 1.3 follows immediately from this result together with Theorem
3.1. In fact, in Theorem 4.1 we do not even assume that X is Calabi-Yau.
Remark 4.2. Theorem 4.1, and hence Lemma 2.1 and Theorems 1.2 and
1.1, are false if X is not projective and b1(F ) > 0 and b1(Y ) > 0. Indeed,
let Λ be the lattice in C2 spanned by the vectors (1, 0), (0, 1), (i, 0), (i
√
2, i),
and let X = C2/Λ. Then the torus X has algebraic dimension 1 (see e.g.
[14, p. 50]), and its algebraic reduction map is f : X → Y with Y an
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elliptic curve. Then f is an elliptic bundle, which is not trivial (otherwise
X ∼= Y ×F would have algebraic dimension 2). Since the algebraic dimension
is invariant under finite unramified coverings, the bundle does not become
trivial even after pulling back via a finite unramified covering Y˜ → Y .
Proof of Theorem 4.1. Fix ω a Ka¨hler metric on X, let Aut0(F ) be the
connected component of the identity of the automorphism group of F , and
let Aut(F, [ω|F ]) be the group of automorphisms of F which preserve the
Ka¨hler class [ω|F ]. The structure group of the bundle f : X → Y reduces
to Aut(F, [ω|F ]). Thanks to [33, Proposition 2.2] or [18, Theorem 4.8] the
quotient Aut(F, [ω|F ])/Aut0(F ) is finite. Taking a finite unramified covering
of Y we can then assume that the structure group reduces to Aut0(F ).
If we are in the case when b1(F ) = 0, then we have that Aut
0(F ) =
{1} and so the structure group of the bundle is trivial, and the bundle is
holomorphically trivial.
We now treat the case when F is a torus and b1(Y ) = 0. Since Y is Calabi-
Yau, the Beauville-Bogomolov-Calabi decomposition theorem [2, 4, 8] shows
that pi1(Y ) is finite, so up to a finite unramified covering of Y we can assume
that Y is simply connected. Since F is a torus, we have that Aut0(F ) ∼= F
and so f : X → Y is a principal torus bundle. If we call F the sheaf over Y
of germs of local holomorphic maps from Y to F , then principal bundles over
Y with fiber F are classified by H1(Y,F), and we will write ζ ∈ H1(Y,F)
for the class of our bundle. If we write F = Cn/Λ with Λ ∼= Z2n, then the
short exact sequence
0→ Λ→ Cn → F → 0,
gives a long exact sequence
H1(Y,Λ)→ H1(Y,O)n → H1(Y,F) c→ H2(Y,Λ)→ H2(Y,O)n,
where we call c(ζ) the Chern class of the bundle. Y is simply connected
implies H1(Y,O)n = 0. On the other hand, the fact that X is Ka¨hler
implies that c(ζ) is a torsion class, thanks to a theorem of Blanchard [6] (see
also [30, Theorem 1.7]). But H2(Y,Λ) is torsion-free since H1(Y,Z) = 0,
and hence c(ζ) = 0, and the principal bundle is holomorphically trivial. 
Remark 4.3. If we assume that f : X → Y is a holomorphic fiber bundle
with base Y and fiber F Calabi-Yau manifolds, with b1(Y ) = 0, but F not
necessarily a torus, then we can conclude that f is equal to the composition
of a holomorphic fiber bundle with Calabi-Yau fiber over Y × T where T is
a torus, composed with the trivial bundle Y × T → Y .
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Indeed, Campana [9] and Fujiki [19] constructed a relative Albanese map
for f : X → Y which is a commutative diagram of compact complex mani-
folds and holomorphic maps
X
g
//
f

❄❄
❄❄
❄❄
❄❄
Alb(X/Y )
A
zztt
tt
tt
tt
tt
Y
where A : Alb(X/Y ) → Y is a smooth submersion with fiber A−1(y) ∼=
Alb(Xy) the Albanese torus of Xy = f
−1(y) ∼= F , and with g|Xy : Xy →
A−1(y) isomorphic to the Albanese map Ay : Xy → Alb(Xy) (for all y ∈ Y ).
Now all fibers Xy are biholomorphic to F , and so their Albanese tori are
all biholomorphic to Alb(F ), and therefore A is a holomorphic fiber bundle
by the Fischer-Grauert theorem [17]. Since the fiber Xy ∼= F is Calabi-Yau,
its Albanese map Ay is a holomorphic fiber bundle with connected fiber F1
which is Calabi-Yau, thanks to [8].
We claim now that g is a submersion. Indeed, pick any point z ∈
Alb(X/Y ), let y = A(z), and let V be any tangent vector to Alb(X/Y ) at z.
Then A∗V = 0 if and only if V is tangent to Alb(Xy) (the fiber of A). Since
f is a submersion, we can find a vector W tangent to X at some point x in
the fiberXy such that f∗W = A∗V . Hence A∗(g∗W−V ) = 0, i.e. g∗W−V is
tangent to Alb(Xy). Since g|Xy is isomorphic to Ay : Xy → Alb(Xy) which is
a bundle, there is a vector Z tangent to X at x ∈ Xy with g∗Z = g∗W − V,
and so g∗(W − Z) = V and g is a submersion. In particular, since X is
Ka¨hler, we see that Alb(X/Y ) is Ka¨hler too.
Since all fibers of g are biholomorphic to F1, the Fischer-Grauert theorem
implies that g is a holomorphic fiber bundle. Now A : Alb(X/Y ) → Y is a
holomorphic fiber bundle with total space Ka¨hler, Y simply connected, and
fiber a torus, hence this bundle must be trivial thanks to Theorem 4.1. We
thus obtain a new diagram
X
g′
//
f
  
❅❅
❅❅
❅❅
❅❅
Y × T
piY
{{①①
①①
①①
①①
①
Y
where T is a torus and g′ is still a holomorphic fiber bundle with fiber F1
Calabi-Yau.
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